An Elementary Analytic Number Theory Problem
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1 Introduction

Let u(n) be the Mébius function. Define
p(n
Ax) = Z El) and M(z) = Z pu(n).
1<n<zx 1<n<zx

In this note, we examine the following equivalence:

A(z) = o(1) <= M(z) = o(x). (%)

2 The Forward Direction

The forward direction is fairly trivial.
Lemma 1. Suppose A(z) = o(1). Then [[" A(t)dt = o(x).

Proof. Fix € > 0. Since A(z) = o(1), there exists some T € N such that for all t > T', we
have the bound |A(t)| < e. It readily follows that
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where Cr is a constant depending solely on T'. In the limit as x — oo, we have

1 x

/ A(t) dt‘ <g,

T J1

so [ A(t)dt = o(z) as desired. O

Claim A. The forwards direction of (*) holds:

A(n) =o0(1) = M(z) = o(x).
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Proof. By Abel’s summation formula, we have
p(n) )
M(x) = —. =zA(x) — A(t) dt.
@= % (") =4 - [“aw
1<n<Lz
Under our hypothesis and Lemma 1,
M(z) = zo(1) 4+ o(x) = o(x),

which was what we wanted. O

3 The Backward Direction

The proof presented below is due to Diamond][1].
Define

S(z) =zA(x) = Z u(n)%

Lemma 2. We have the identity

Proof. 1t is well known that

1= )" > ud).

1<n<z d|n

Switching the order of summation, we obtain

1= Y wd) 1

1<d<z n<z
din
X
= 3w [3].
1<d<z

from which it follows

1<n<z
e S o f2)
1<n<z
O
Lemma 3. Fix N € N. Then
> ww{i}= [ u(ue- ()
& <n<s ! 2<n<N
Proof. By Abel’s summation formula, one has
5 st = (2) - [ ()
%<n§x N
:M(m)—NM<N> +/1NM(”;> dt (3.1)



Since [] =k for ;77 <n < £, we have

Soum [ E= >k u(n)

& <n<w ISkSN-1 g2 <n<i
= k (M I M( z >>
1<kg]:\f—1 k) k + 1
= M(z) - NM(%) n M(%) (3.2)

as desired.
Claim B. The backward direction of (*) holds:
A(x) =0(l) <= M(z) = o(z).

Proof. Fix N € N. We first split our result from Lemma 2 and then apply Lemma 3:

Sx)=1+ Y M(n){‘”}

{
=1 Yo {The [ (a3 M (D).

n<L 2<n<N

Using our hypothesis that M (z) = o(z), we obtain the bound
oz S por {2+ [ e 3 ()
- n 1 t n
<z 2<n<N
x T
<1++/ t dt+ Y 0(E>

= % +o(z).!

In the limit as N — oo, we have S(z) = o(x), so A(z) = S) — o(1).
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'Easy exercise: show that f1 o(%)dt = o(z) and D o<n<N o(£) =o(x)
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