A GENERALIZATION OF THE CAUCHY INTEGRAL

EYTAN CHONG

1. INTRODUCTION

In this paper, we showcase three methods of evaluating definite integrals of the form

>0 1
b=

where a € RT and n € RJ. The first method (Section 2) exploits a recurrence
relation involving the indefinite integral

1
/ (22 + a2)n+! dz.

The second method (Section 3) follows a standard complex analysis argument to
evaluate [,, using contour integration. Both the first and second methods hold only
for n € Ny, yielding

m(2n — 1)
(1) n T plong2ntl

The third method (Section 4) uses a clever substitution to transform I, into the
Beta function, yielding a closed form valid for n € Ry:

1 1 1
@) h= B(z” ! 5)'
On our quest to derive closed forms for I,, we evaluate several general definite
integrals of which I, is a specific case, such as

/°° coswr T 0 (wa)

T =
o (I‘2 + a2)n+1 ewa nl 2na2n+1

and

o0 pn—1 1
/ * dr = B(E,1+n—ﬁ).
0 ([BV + au)nJrl vavntv—p v v

Next, in Section 5, we reconcile the gap between discreteness and continuity by
showing that (2) is a generalization of (1). Lastly, in Section 6, we use our results
to derive a relationship between I,, and the series expansion of \/%, which gives us
several stunning identities, such as

= 1 1
W:\/l—tg B(ﬁ,n+§)tn,
n=0

and
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2. METHOD 1: RECURRENCE RELATION

In this section, we evaluate I,, by considering the recurrence relation given by the

indefinite integral
1
=] @+ g O

The recurrence relation is as such:
Lemma 1. For alln € N, a € R,
B T n 2n —1
- 2na2(z? +a?)”  2na?

Jn—1.

n

Proof. Consider

1
Jn= | ————da.
' /(x2+a2)” !

Integrating by parts with v = ( B and dv = 1, we obtain

1
z24a2
J T 49 / Ty
] = ——————— n| ————dx
1 ($2+a2)n (x2+a2)n+1

x 1 9 1
- (22 + a2)n +2n (/ (22 + a2)n dz —a / (22 + a2)n 1 dx)

x
= ————— 2 (o1 —d*Jy,).
(22 + a?)" +2n (Juoy — a’ ;)
Isolating J,,, we obtain
x 2n —1
Ip = I
2na?(z? + a®)n T ona !
as desired. 0

With our recurrence relation in place, we are now ready to evaluate I,,.

Theorem 1. For alln € Ny, a € RT,
I - 7(2n — D!
T ol ong2n+l

Proof. By the fundamental theorem of calculus, we have

I, = [JN]iooo
T 2n —1 >
= In—
[anﬂ(x? + a?)" T e 1} -
B T > n 2n —1 I
C2na (22 +a?)" | 2na? et
Observe that for all n € N,
. x x
im = I
z—too 2na?(x? + a?)"|  w—*oo |2na?(x? + a?)?
lim |—
— 2na? z—lgloo x2n
=0.
We thus get the first order recurrence relation
2n — 1
I, = n—[n—l

2na?
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which has the solution

2k —1
I, =1 _— .
n OH 2k a2
k=1
By the definition of the factorial and double factorial, we have n! = [[,_, k£ and

(2n — )" =T];_,(2k — 1). Hence,

(2n — 1N

L=1,- )
m 0 gng2n

By our definition of I,,, we have

o 1
]Oz/oomdl'

F xro
= | —arctan —
a a

™

a

—00

Thus, we finally obtain

m(2n — DI
" plng2ntl

3. METHOD 2: COMPLEX ANALYSIS

Using techniques from complex analysis, one can show that the integral

* cosx
/ o
P A |
evaluates elegantly to Z. Indeed, this integral is commonly used as an example to

showcase the power of evaluating definite integrals using contour integration. In this
section, we extend this classic integral by examining the more general form

©  coswzx
/ ST g,
. (1}2 + a2)n+1
where n, w and a are free variables. We then use this result to find a closed form
for I,,.

Lemma 2. For alln € Ny, a € R and w € R,

/°° coswr T 0 (wa)

- (IQ + a2)n+1 ewa n| 9neg2n+l )

where 0,(x) is the nth reverse Bessel polynomial.
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FIGURE 1. The semicircular, anti-clockwise contour I' and the en-
closed singularity az.

Proof. Let
eiwz
flz) = (22 + a2)n 1
Let 1 = [-R,R] and 5 = {2 = Re?,0 € (0,m)}, where R € RT. Consider the

integral . f(z)dz over the closed contour I' = 7, U 7, as shown in Figure 1. We

clearly have
éf(z)dz:/ f(z)dz—i—/ f(z)dz.

Now observe that fw f(2) dz vanishes by a simple bounding argument:

™ iwRe
‘> if
/72 f(z)dz /o (B2 T a2)n+1zRe dé

einew
((Rei9)2 +a2)n+l
S lim i/ e—szinG de
0

R—oo R2n+2
=0.

= lim
R—o0

lim
R—o0

™

< lim iRe™| d6

R—o0 0

We can thus express our goal integral as

/ et dr =Re lim [ f(z)dz = Re lim (b f(2)dz.
R—o0 1 R=oc Jp

o (x2+a2)n+1 N

We now wish to show that sﬁr f(z)dz = efa%. It is clear that the only
singularity enclosed by = is at ai. Moreover, it is a pole of order n + 1. Invoking

Cauchy’s residue theorem yields

%f(z) dz = 2mi Res(f, ai)

1 n
oo
= 27 oy Zh_r){llZ e (z —ai)""" f(2)
1 qr eiwz
— i = i .
T e don (2 1 ad)t
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By the general Leibniz rule, we have
n—k

d" eiwz - n dk —n—1 d w2z
dzn (z +ai)r % (k‘> dz* (2 + ai)” dznk"

S (Z) (—n—1)(—n —2) ... (—n — k) (2 + ai) "1 F(iw) e

k=0
o . n (n + k) n k n—k zwz N —n—1—k
k=0
- (n + k)' n+k, n—k _iwz \N—n—1—k
— m w e (Z + CLZ) .

Taking the limit as z — ai, we see that

dr e (n+k)! _ 1
lim n+k, n— k: wa (o n—1—k
z—ai d2" (z + ai)" ! Z kl(n —k)! b (2ai)”

— eTway -—1 n—1 —Qn 1 n+k wa)n—k
- 2" Z ]{;l ok -

Recall that the nth reverse Bessel polynomial 6,,(x) is deﬁned as
n—k

(n+ k) x
Zk‘ k)l 2k -

Our series hence simplifies to 6,,(wa). Putting everything together, we obtain

1
ygf(z) dz = 21 - —e % 127" g 72" 10, (wa)
T n!
7 Op(wa)

ewa nl 2na2n+1
as desired. 0

Corollary 1. Ewvaluating the integral at n = 0 and w = 1, we get the interesting

result -
Ccos T T
- dx = —.
o It a ae

Takingn =0 and a = 1 also yields another intriguing result:

* coswz T
ooy
o T+ e

Corollary 2. Taking the complex part of §. f(z)dz, we see that

oe sin wzx
[ a0

though this result is trivial from the substitution x — —x.

Remark. 1t is sufficient to know either

3) /°° ( coSWT 7 Oy (w)

o (2 + 1)t ew nl2n

or

(4) /“&dxzi%_@

~ (IZ + a?)n+1 e nl 2na2n+1’
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as each integral can be converted into the other by means of a substitution. For
instance, the substitution = +— £ converts the integral in (3) to that of (4). For our
case, we consider both w and a at the same time to simplify the workings.

We now use our result to evaluate

e 1
I, = /_oo —(352 n a2)n+1 dx .

Theorem 2. For alln € Ny, a € RY,
I — m(2n — !
" pl2ng2ntl

Proof. Observe that our goal integral I, corresponds to the case where w = 0.
Applying Lemma 2 gives

o0 1 0
dr = —~ n(0) .
. (l’2 + a2)n+1 nl 2na2n+1
We now show that 6,,(0) = (2n — 1)!l. We do so by utilizing the recursive nature of
the reverse Bessel polynomials:

On(x) = (2n — 1)0,_1(7) + 2°0,_s(x).

At =z =0, we have
0,(0) = (2n — 1)6,,_1(0).
Since 6y(0) = 1, we have
0,(0)=2n—-1)(2n—-3)...1
(2n — 1N
as desired. U

4. METHOD 3: THE BETA FUNCTION

In this section, we show that the integral in consideration I,, can be expressed in
terms of the Beta function. We first consider a more general definite integral:

Lemma 3. For alln e Rf, a e RT, 0 <4 <n+1,

o0 pn—1 1
e B ")
0 (xu + au)nJrl vavntv—u v v

Proof. We begin by factoring out ¢” from the denominator:

/oo x,u—l d 1 /oo xu—l d
r = ——— AT.
0 (.T” + al/)n-H qrntv 0 (1 4 (%)V)N—H

Under the substitution ¢ = (%)V, our integral transforms to

1 [ (atv)? »
/ (a ) n+l EtlT dt.
aun+u 0 (1 + t) v

Simplifying, we obtain

1 ) tgfl
/ dt.
vavntv—u 0 (1 + t)n—i—l
Now recall that the Beta function B(z1, z2) has the identity

e’} tz171
B = ——dt
(Zlv Z2> /0 (1 + t)Zl-‘rZQ
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Looking at our integral, we have z; = £ and 2, = 1+n — £. Hence, our integral can

be written as .
(B
vavntv—i v v

U

Remark. This closed form has appeared in integral tables in the literature (Grad-
shteyn and Ryzhik 2007). However, no such derivation could be found.

We now use this fact to evaluate I,,.

Theorem 3. For alln € R}, a € RT,

1 1 1

Proof. Observe that the integrand of I, is an even function. Hence,

o 1
I, =2 —————dz.
/0 (x2 + a2)n+1 x

From Lemma 3, taking © =1 and v = 2, we have
1 1 1

1 1 1
- WB(? "t 5)
as desired. O

5. RECONCILING THE DISCRETE AND CONTINUOUS RESULTS

In the previous three sections, we derived two expressions for 7,,. On one hand,
when n is restricted to the non-negative natural numbers, we have

I - m(2n — 1)

n n! ong2n+l

On the other hand, when n is allowed to take on any non-negative value, we have

1 1 1

In this section, we aim to show that the latter expression is a natural extension of
the former.

Proposition 1. For alln € R} and a € RT,

1 1 1

Proof. As derived earlier, we have
I m(2n — DI

n n! 2ng2n+1 ”

We now extend our result to n € R}. The standard generalization for the odd

double factorial is given by
2 -
Al = \/jzzr<f +1).
m 2



8 EYTAN CHONG

Setting z = 2n — 1 yields

2n—1 2 - 1
(2n — 1)l = \/j2z F( n +1)
s 2

e

Altogether, we have

s 2" 1
I,=—— . =T -
nl2ra?rtl /1 (n * 2)
_ VT T(nt3y)
@t D(n+ 1)

Recall that I'(1) = /7. Hence,

1 I'(;)(n+ 3)
" @ T(nt )

Now recall that the Beta function has the following well-known relationship with
the Gamma function:

B(Zl, Zg) —
1 1 1

6. SPECIAL IDENTITIES

Thus, I,, indeed extends to

In this section, we derive a relationship between I,, and the series expansion of
\/%. We then deduce several identities stemming from this relationship, of which we
separate into four classes: combinatorial identities, identities involving 7, identities
involving the Gaussian integral, and identities involving the Beta function. These
identities are covered in Sections 6.1, 6.2, 6.3 and 6.4 respectively.

We begin by proving the following relationship between I,, and \/%:

Proposition 2. Let C,, be the coefficient of t™ in the series expansion of\/%. Then

a2n+1

C, = I,.

T
Proof. By the definition of C),, we clearly have \/% =, Cpt"™. It hence suffices
to show that

1 oo 2n+1 00 1
e e

2 ,2\ntl
-t 4= 7 w (2 4+ a?)

Let S denote the sum in consideration. Rearranging terms, we obtain

oo n 00

a a 1
S == —_ ———dxt".
7T22332+(I2/00($2+CL2)" ‘
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Changing the order of summation and integration gives us our desired result:

a n
S:_/ x2+a22(x2+a2) dz

a/ 1 d
. T
m OOZL‘2+a21— Qaj_ZQ
a o0
E— d
ﬂ/oon—i-an—t) v
a t >
= — arctan ——
@ a2(1—t)]

[ﬁ

3

O

We now look at several types of identities that stem from the above claim. Of the
many identities derived below, only those of particular interest have been boxed.

6.1. Combinatorial Identities. There have been some combinatorial identities
involving I, in the literature. For instance, Bailey et al. (2006) gives the following
identity relating I,, at a = 1 and the central binomial coefficient:

(5) /OOO (2 +11)n+1 N 22:+1 (2?? )

Their proof involves the substitution x +— tan # and relating it to Wallis’ integrals,
which can be solved using a recurrence relation similar to that of Method 1. We
now give a more direct proof of (5) and generalize it over a.

Proposition 3. For alln € Rj and a € R,

T 2n
I = 92ng2nt1 (n )

Proof. 1t is a well-known identity that

2n\  2"(2n —1)!
n) n!

Recalling our previous result for I,,, we have

I m(2n — 1)
" pl2ng2n+l

B T 2n
- 22n42n+1 \ p

as desired. O

We now prove an identity related to the negative binomial coefficient.

Proposition 4. For alln € Z,

()=o)
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Proof. We first observe that when n € Z~, we have I'(n+1) — oo. Thus, both sides
clearly evaluate to 0, making the equality trivially true. We hence focus only on the
case n € Zg for the rest of the proof.

From Propositions 1 and 2, we have

a®nt 1 1 1
Co= WB(E’“i)

1 1 1
=—B| = — .
s (2’” * 2)
As previously discussed, we have
27" "9 T(n+1)
Since I'(3) = /7, we know <T'(3) = 1/I'(3), thus giving
L(n+3)
Cp=——r—"—
PG Tn+1)
Abusing notation, we have
(-3
(—=3)!n!’

which we recognize to be the binomial coefficient (";%)
However, by the binomial theorem, we have

a2

Comparing coefficients of t", we arrive at the conclusion that
1 1
R N
(") = ()
Remark. As previously mentioned, this is related to the negative binomial coefficient

identity, which states
- r+k—1
— (—1)k
(0) =)

where 7,k € N. In our case however, we have r = % —n and k = n. We have thus
extended the negative binomial coefficient identity where r is a half-integer.

Cn=

O

6.2. Identities Involving w. Using our previous results, we obtain an infinite fam-
ily of expressions that evaluate to m:

Proposition 5. For allt € [—1,1),
ﬂ—\/l—tiB Lol
B ~T\2 2

Proof. Recall that C,, = LB(5,n +

3). We thus have for all ¢ € [-1,1),

1 1 /1 1
(6) =2 (2’7”2)
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which upon rearranging yields

> 1 1
w:\/l—tZB(i,n+§)tn
n=0

as desired. 0

Corollary 3. Using the relationship between the Gamma and Beta functions, we
can rewrite (6) as

OoF(n—l—%)n_ T
" 2oy TV

When t = —1, we have the alternating sum
Z(_l)nM _ \/E
— I'(n+1) 2

When ¢t = %, we can express the sum in terms of 7 = 27
ZT(n+i)1
SLedl_ e
—~T(n+1)2
Corollary 4. Substituting t = cos @ into (7), we obtain
S0 F0) g - \/E
—T(n+1) 2
which is valid for all 6 € R\ 27Z.

When 6 = %", we have the beautiful identity

“T(n+3) ,2r 27
g ———=2Ccos" — =/ —.
T+ 1) 37V

n=0

0
cse —
2

)

6.3. Identities Involving the Gaussian Integral. Again rewriting the identity
in (7), we have for all t € (0, 2],

> T(n+3) s
8 E — 21 —t)" ==
®) T(n+ 1)( ) \/Z
n=0
which we recognize to be the value of the Gaussian integral

© 2
/ e dg .
— o0

We thus have a surprising connection between the Gamma function and the Gaussian
integral:

> F(n + l) ° 2
9 — 21—t = Ay
(9) > rir 0 | e
We now generalize this result.
Proposition 6. For allt € (0,2] and k € Ny,

- F(n+k+%)<1_t)n:/Oox2k6—t:v2dx
I'(n+1) _ '

[e.o]

o

n=
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Proof. Differentiating (9) k times with respect to t yields
= T(n+3) (1 k = ko 2k —t?
—27(q —Nla=~*= 1 7 dg .
> far 0 (Moo ) oot = [t ae

Using basic Gamma function properties, we see that the LHS becomes

1_tn7k
ZFn—k—l—l )

n=0
Now observe that for k > n, I'(n — k + 1) — oo, further simplifying the LHS down
to

ii Fm+%)(1_wmk:°°Fm+k+%%1_ﬂ¢
— Fn—Fk+1) ~ D(n+1)
Thus,
“Tn+k+13) > 2
1 2 1 — )" = 2k —tx ]
(10) ;) T ) (1—1t) /_wx e~ da

Remark. Taking t = 1 and k£ = 0, the LHS in the identity above becomes
i I'(n+3) o
£~ D(n+1)
For n > 0, the terms vanish. In the n = 0 case, taking 0° to be 1 gives
iirm+§%n:r@)
— ['(n+1) (1)
_VF

recovering the famous result
[e.e]
/ e dy = Nz
—00

6.4. Identities Involving the Beta Function. In this section, we prove that

i 1B(n+1,k+1)

- ~ 1.
n  B(n,k)

To do so, we first find a closed form for (9) and generalize it for non-negative k.

Lemma 4. For allt € (0,2] and k € RT,

T'(n+k)
I'(n+1)

NPT

Proof. Observe that the integrand of the RHS in (10) is clearly even, giving us

& 2 & 2
/ ke dy = 2/ ket dx .
—00 0

Under the substitution u = t2?, this integral simplifies as

1 e 1
uFze % du
thts ’
2

0
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which we recognize to be of the form

We thus have

In+k+; 1 1

SMothed) 101y

et I'(n+1) thta 2

Since the above identity is written in terms of the Gamma function, we can extend

k to the non-negative real numbers. With the translation k& + % — k, we have the
desired identity:

—

T(n+k) . T(k)
Zm(l—t) =—.

—

n=0

Remark. Setting k = 1, we recover (8):

e

n+1 3

Setting k = 1 and ¢ — 1 — ¢ recovers the infinite geometric series formula:

L)
2t (-t

n=0

1
1t
We now prove the main result for this subsection.

Theorem 4. Fort € (0,2] and k € RY,

— 1 B(n+1,k+1) .
n  B(n,k) -

n=0

Proof. After rearranging Lemma 4 and applying the property I'(n 4+ 1) = nI'(n), we

obtain
o0

1 T(n+k) ,
S LIOER) ey oy,
= nD'(n)I'(k)
where the n = 0 term should be taken as a limit. Invoking the relationship between
the Gamma and Beta functions once more, we have

o

1 1
— 1 —t)" =1
Z n B(n, k) ( )
n=0
Integrating both sides with respect to ¢ over the interval (0, 1) yields
(11) il;/ltku—t)"dt—l
“~n B(n,k) Jo -

Recall that the Beta function has the definition

1
B(z1, 29) :/ 271 — )=t dt.
0
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Hence, the inner integral in (11) collapses to B(k + 1,n + 1). Given the symmetry
of the Beta function, this is equivalent to B(n + 1,k + 1), thus giving

o

n  B(n,k)
n=0

as desired. 0

=1

Remark. Tt is not too hard to verify the above identity. Expanding the Beta function
in terms of the Gamma function gives

~1Bn+1,k+1) =1T(n+1)I(k+1) /T(n)I(k)
ZE B(n, k) _ZE T(n+k+2) /F(n—l—k)

&1 nI'(n) kL (k) I'(n)T(k)
el (n+k+1)(n+k)F(n+k)/ T'(n+ k)

n=0 n=0

> k
:;(n+k+1)(n+k)'

Performing partial fraction decomposition gives us the telescoping sum

ik_k
n+k n+k+1)’

n=0
which takes on the value of its Oth term, i.e. Mik = 1.
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